
Angle at the centre, transformed
by Dietmar Küchemann

There have been a number of articles and a letter in
Mathematics in School recently about circle theorems, in
particular angle at a point and angles in the same segment
(Wakefield, 2001; Perkins, 2002; Küchemann, 2003; Jackman,
2003; Silvester & Barnard, 2003). These generally concerned
standard Euclidean proofs based on the fact that triangles
formed from two radii and a chord are isosceles. Recently I
came across a paper by Cuoco, Goldenberg and Mark (1996),
which led me to a proof based on transformations, which
readers might find of interest.

In the middle of their broad-ranging and stimulating paper,
Cuoco et al make this rather cryptic remark:
"... an angle formed by two chords has a measure equal to half
the sum of its arcs" (ibid, p391).

I leave it to readers to interpret what this means, and then
perhaps to prove it. Meanwhile, consider the special case of
two chords intersecting on the circle, as in Figure 1 (ie chords
AP and BP intersecting at P). Imagine rotating the chord AP
about the centre, C, of the circle until it is parallel to chord BP
(position A'P' in Figures 2a and 2b). Then the angle turned
through is equal to the original angle APB between the chords
[1]. Also, the angle turned through can be represented by angle
ACA' (Figure 3) [2]. Furthermore, this angle is half of angle
ACB [3]. Why? Because A' is halfway along the arc AA'B,
since arcs AA' and A'B are both equal to arc PP' (because of
the rotation of the rigid chord AP, and because A'P' is parallel
to BP).

We have thus proved that angle APB is half the angle at the
centre, ACB, ie we have proved the angle at the centre theorem.
Note that the position of A' and hence the size of angle APB
depends only on the size of arc AB (for a given circle), not on
the position on the circle of P (as long as it is always on the
same side of the chord AB). This can be seen from Figure 4,
where the position of P has been changed, but not A and B,
and which corresponds to Figure 2b.

It seems to me this is an elegant proof. Admittedly, this is a
very subjective statement, which perhaps depends on how
readily one accepts statements [1], [2] and [3]. In the treatment
above, I expanded on statement [3], but it may be felt that this
should have been done for the other two statements as well,
especially statement [1]. This, of course, is a perennial dilemma
with proof, of how far back one should go to explain and justify
each step. A related dilemma is how to set out the argument. I
have tried to use a narrative style, concerned more with
providing an overview than with detail, but others might feel
that more detail, a simpler ordering of statements and, for
example, a standard two column format would be clearer and
more convincing.
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